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Direct sums of cyclic groups, (denoted by the symbol @,), play an 
important role in the theory of abelian p-groups. In this paper, we give a 
new characterization of 0, . Namely: Let G be ap-group without elements of 
infinite height and B a basic subgroup of G, then G is 0, if and only if all 
B-high subgroups of G are 0, . This result gives some insight into why a 
p-group is not 0, . More precisely, we use it to obtain a shorter proof of the 
“core class” theorem due to the authors and M. Rafiq (see [2]), which states: 
A p-group without elements of infinite height is not 0, if and only if it 
contains a p w+l-proper projective subgroup. 
All groups considered here are abelian primary groups for some prime 
number p. The notation is that of [3]. G1 is the subgroup of elements of 
infinite height in a group G. Z+ denotes the set of nonnegative integers. 
In order to prove our main result, we need the following lemmas. First, 
a reduction lemma: 
LEMMA 1. Let G be a reducedp-group and B a basic subgroup of G such that 
M, < rh(G/B) < rh(B). 
Then, G = H @ K, where K is a subgroup of B, H n B is a basic subgroup 
of H and 
rh(H/H n B) 3 rk(H n B). 
Proof. Let S be the subgroup of G generated by a system of represen- 
tatives of the cosets in a generating system of G/B. Clearly, G = S + B, 
and since rk(G/B) 3 N, , we have, A(S) = rh(G/B). Also, since G is reduced 
rh(S n B) 2 N, , and, therefore, there exists a summand R of B such that 
R r) S n B, and rh(R) = rh(S n B) < rh(S). Let K be a complementary 
summand of R in B and, let H = S + R. Then G = H @ K and 
B = (H n B) @ K. Now H n B is a pure subgroup of H which is 0, and 
H/HnB=(H+B)/B=G/B 
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is divisible, therefore, H n B is a basic subgroup of H. Since R = H n B 
we have rk(H/H n B) = rk(G/B) > rk(R) = rk(H n B), as stated. 
The next lemma is crucial to the proof and it is of independent interest 
from a topological point of view. 
LEMMA 2. Let G be a p-group and B a basic subgroup of G such that 
WB) < WGIB), 
then there exists a basic subgroup C of G such that B n C = 0. 
Proof. Let B = OAEn (b,), and let G/B = (@& (KJB)) 0 (R/B), 
where K,/B rv Z(p”), for every h E A. In each K, , choose an element k, 
such that O(pk,J = O(pk, + B) = O(b,). This is possible because of the 
purity of B and the fact that K,/B N Z(p”). Now let 
c,, = b, + pk, and 
we claim that C is a basic subgroup of G and C n B = 0. It is easy to verify 
that C = eAEn (cA) and C n B = 0. Furthermore, since G = B + pG 
and B + pG = C + pG, we see that G/C is divisible. It remains to show 
that C is a pure subgroup of G. This is a consequence of the following height 
argument. Let C OL~C,, be any element of C, then 
further, ho(CpaAk,J 3 min(ho(pcl,kJ but ho(ol,$J < ho(p&). Therefore 
Suppose now, that prig = C arAcA . Then, p” divides also C aAbA and C cuAbA = 
p”(C /lAbA). Note that (p”pA - 01~) b, = 0 and thus (p”p, - 01~) pk, = 0. 
Therefore 
pn 1 SA = P” C PA - C (~‘$4 - 4 Pk, = P” C BA(CA - PEA) + C 01~ 4 
= P” C Ah + C w% = c 4bn + PkJ = c T,CA . 
This completes the proof. 
We are now ready to prove the main theorem. 
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THEOREM 1. Let B be a basic subgroup of a p-group G without elements 
of in$nite hezkht. Then all B-high subgroups of G are 0, if and only ;f G = 0, . 
Proof. By Lemma 1, it suffices to consider the case where rk(G/B) 3 
uk(B). Indeed, if rk(G/B) < N, , it is well known that G = 0, when G1 = 0, 
and if N, < rk(G/B) < rk(B), by Lemma I, G = H @ K, where K = Be 
and all (B n H)-high subgroups of H are also B-high subgroups of G and 
thus are 0, . Now, by Lemma 2, there exists C a basic subgroup of G such 
that C n B = 0. Let K be a B-high subgroup of G containing C then K is 
pure because it is neat and contains a basic subgroup. We construct a chain 
of pure subgroups Ki inductively as follows. Let B = @T=, Bi , where 
piBi = 0 let, K, = K and K,+l a neat subgroup of G such that: 
K,+l 1 K 0 Bntl and G+, [PI = KJPI 0 Bn+,[~l =Wn 0 h+J[~l. 
Now then, Ki is pure for all ie Zf, since it is neat and contains the basic 
subgroup C. Further, UKi = G, since UK, is pure and contains 
B[p] @ K[p] = G[p] (see example 8 p. 116 in [3]). 
It remains to show that K, = 0, for every n E Z+. Let S, = @L, Bi, n > 1. 
Then K, 1 S, and since S, is a pure bounded subgroup of G it is also a pure 
bounded subgroup of K, and thus there exists R, , a subgroup of K, , such 
that: K, = S, @ R, . However R, is a B-high subgroup of G, since 
G[PI = ( 1 G Bi [PI 0 Kn[PI = i 1 6 Bi [PI 0 SAPI 0 RJPI i=ntl i=ntl 
= WI 0 UPI 
and R, is pure. (see [5]). Therefore R, = @,, and K, = 0, . Now, since 
G is the union of a countable chain of pure subgroups each of which is 0, , 
we conclude according to Theorem 1 in [4] that G = 0, . The converse 
is trivial. 
A p-group G is said to be a C-group if every subgroup disjoint from G1 
is a 0, . The next result is a complete characterization. 
THEOREM 2. Let G be a p-group. Then G contains a basic subgroup B such 
that all B-high subgroups of G are 0, if and only if G is a C-group with a 
Jinite number of elements qf injnite height. 
Proof. A close look at the proof of Theorem 1 reveals that the hypothesis 
of G1 = 0, was used only in the case where rk(G/B) < N,, and, in this case, 
since G must necessarily be reduced, we see that ] G1 / < K, . Now if H is 
a G1-high subgroup of G containing B we have rk(H/B) < N, and Hr = 0; 
therefore H = 0, and by a result in [5] G is a C-group. Conversely, if G is 
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a C-group with Gr finite, let B be a G1-high subgroup of G, then B is a basic 
subgroup of G and all B-high subgroups are finite and thus 0, . 
Note also that Theorem 1 is true even if the condition of all B-high 
subgroups are 0, , is replaced by all pure B-high subgroups are 0, . 
The following result is an important consequence of Theorem 1. A 
p-projective p-group G is said to be a p”-proper-projective group if it is not 
pa-projective for any /I < 01. 
THEOREM 3. Let G be a p-group with G1 = 0. Then G is not a 0, if and 
only if G contains a pw+l-proper-projective subgroup. 
Proof. Let 0 --t K--f F + G --f 0 be a pure-projective resolution of G 
and consider K/K[p] in F/K[p], now K/K&] -pK is 0, and since it is 
pure it can be extended to B/K[p] a basic subgroup of F/K[p]. Now F/K[p] 
is not 0, otherwise F/K ‘v G would also be 0, (see Cl]), further, F/K[p] 
has no elements of infinite height, therefore there exists H/K[p], a (B/K[p])- 
high subgroup of F/K[p] which is not a 0, . Then H/K[p] is a pwfl-proper- 
projective since H = 0, , (see [2]). Let v: (F/K[p]) + (F/K[p])/(K/K[p]) 
be the canonical homomorphism; since (H/K[p]) n (K/K[p]) = 0, v is an 
isomorphism on H/K[p]. Thus G contains an isomorphic copy of H/K[p]. 
Remarks. (a) The statement of theorem 2 is not parallel to that of 
Theorem 1 since it is possible to find a basic subgroup B of the Prufer group 
for which all B-high subgroups are not 0, . (b) The theorems in this paper 
can clearly be generalized by replacing B by a pure subgroup which is 0, . 
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